We present a comparative study of various approaches for modelling of the e + ν e µ −ν µ bbγ final state in ttγ production at the LHC. Working at the NLO in QCD we compare the fully realistic description of the top quark decay chain with the one provided by the narrow-width-approximation. The former approach comprises all double, single and non-resonant diagrams, interferences, and off-shell effects of the top quarks. The latter incorporates only double resonant contributions and restricts the unstable top quarks to on-shell states. We confirm that for the integrated cross sections the finite top quark width effects are small and of the order of O(Γ t /m t ). We show, however, that they are strongly enhanced for more exclusive observables. In addition, we investigate fractions of events where the photon is radiated either in the production or in the decay stage. We find that large fraction of isolated photons comes from radiative decays of top quarks. Based on our findings, selection criteria might be developed to reduce such contributions, that constitute a background for the measurement of the anomalous couplings in the ttγ vertex.
Introduction
Higher order predictions for top quark pair production allows us to deepen our understanding of the Standard Model (SM). By carefully studying with very high accuracy the properties of the heaviest particle discovered so far, physicists might shed some light on physics beyond the SM, so sought-after at the LHC. Besides tt(j) production, however, more exclusive ttV, V = γ, Z, H, W ± final states are produced and thoroughly analysed at the LHC. Even though ttV cross sections are orders of magnitude smaller than those of σ pp→tt and σ pp→ttj , they add greatly to the already rich top quark research plans, which are carried out by the ATLAS and CMS collaborations. In particular, among all associated processes the associated production of top quark pairs with a photon has the highest production rate at the LHC. First evidence for ttγ was reported by the CDF collaboration [1] , whereas the observation of the process with a significance of 5.3σ was established at √ s = 7
TeV by the ATLAS collaboration [2] . Both ATLAS and CMS measured ttγ cross section at √ 8 TeV [3, 4] . But only recently first measurements of the differential cross sections at 13 TeV have been performed by the ATLAS collaboration [5, 6] .
The ttγ process probes the tγ electroweak coupling, thus, provides a direct way to measure the top quark electric charge [7] . The latter is known to be Q t = +2/3, i.e. consistent with the SM, albeit has only been measured indirectly in tt production [8, 9] . More exotic physics scenarios, that propose a heavy quark of electric charge Q t = −4/3, instead of the SM top quark, have been excluded with a significance of more than 8σ. Not only the strength but also the structure of ttγ vertex can be examined with the help of the pp → ttγ production process. Based on the fundamental principle of gauge symmetry, the ttγ vertex, which includes the SM coupling given by the top-quark electric charge Q t , and contributions from dimension-six effective operators, can be parametrised using only γ µ and σ µν q ν , where q = (pt − p t ) is the outgoing photon momentum [10] . Because the γ µ term does not receive corrections from dimension-six gauge invariant operators the electroweak top anomalous interactions can be described in terms of only two anomalous couplings (two Wilson coefficients) that are the coefficients of the effective σ µν q ν interactions. The latter should be constrained at the LHC already at 13 TeV with an integrated luminosity of about 300 fb −1 [11] [12] [13] [14] .
Furthermore, production of top quark pairs in association with a photon can be employed to obtain predictions for integrated and differential cross section ratios [15] , that are defined according to
where X stands for the kinematic observable under consideration (e.g. M bb , M , ∆φ ).
The cross section ratios have many advantages compared to absolute cross sections. They are, for example, more stable against radiative corrections and have reduced scale dependence. Considering that ttγ and tt are very similar processes from the QCD point of view many theoretical and experimental uncertainties cancel in ratio. Consequently, R and R X have enhanced predictive power and are interesting not only to study the ttγ process with the highest precision that until now has only been reserved for the top quark pair production at NNLO in QCD, but also to probe new physics. The latter might reveal itself once sufficiently precise theoretical predictions are compared with appropriately precise experimental data. Finally, the tt charge asymmetry, A C , the di-leptonic charge asymmetry, A C , as well as, the laboratory frame single asymmetry, A t C , and the single lepton asymmetry defined in the tt rest frame, A C , can be investigated in ttγ production at the LHC and the high luminosity LHC. They provide complementary information to the measured asymmetries in tt production [16] [17] [18] .
To be able to provide reliable and very precise theoretical predictions for the pp → ttγ production process higher order effects in α s must be incorporated. NLO QCD corrections to the inclusive ttγ production with on-shell top quarks have been calculated for the first time in Ref. [19] and afterwards recomputed in Refs. [20, 21] . In Ref. [22] results with NLO electroweak corrections have been provided. In all these cases, however, top quarks were treated as stable particles. Such predictions may give us a general idea of the size of the NLO corrections. Because they lack top quark decays, however, they are neither capable to ensure a reliable description of the fiducial phase space regions nor to give us a glimpse into the top quark radiation pattern. For more realistic studies top quark decays are needed. First attempt in this direction has been carried out in Ref. [23] where NLO QCD theoretical predictions for stable top quarks and a hard photon have been matched with parton shower (PS) Monte Carlo (MC) programs using the PowHel framework. The
PowHel approach relies on the Powheg-Box system [24, 25] and allows for the matching between fixed order computation at NLO in QCD and parton shower simulation, followed by hadronisation and hadronic decays. The former is provided by the Helac-Nlo MC program [26] and the latter by the general purpose MC program like Pythia [27] or Herwig [28] . In Ref. [23] top quark decays have been treated in the PS approximation omitting tt spin correlations and photon emission in parton shower evolution. First fully realistic theoretical predictions for ttγ have been presented in Ref. [29] where top quark decays in the narrow width approximation (NWA) have been included, maintaining spin correlations of final state particles. In addition, photon radiation off top quark decay products has been incorporated. They brought along a significant contribution to the cross section. Finally, in Ref. [30] a complete description of top quark pair production in association with a hard photon in the di-lepton top quark decay channel has been presented. It is based on matrix elements for e + ν e µ − ν µ bbγ production and included all resonant and non-resonant diagrams, interferences, and off-shell effects of the top quarks and the W gauge bosons. This calculation constituted the first full computation for the ttγ production process at NLO in QCD.
Having different theoretical approaches available for the modelling of top quark decays, it is only natural to investigate whether the full result is always mandatory for the description of various observables. In other words when it might be safe to replace the full result by the one from the NWA. The goal of this paper is, therefore, to compare these two approaches that we shall refer to as NWA and full off-shell. Furthermore, we shall approximate the NLO+PS results featured in Ref. [23] by the ones in NWA that keeps the isolated photon emission only in the production stage and allows only LO top quark decays. For brevity, we will refer to this last approach as NWA LOdecay . Another motivation for the paper is more theoretical. We shall carry out the systematic comparison within one framework. To this end we have implemented the full NWA for top quark related processes into Helac-Nlo. This required substantial modifications of both parts of the program:
Helac-1Loop [31] and Helac-Dipoles [32] and an inclusion of an additional polarised dipole into our implementation of the Catani-Seymour subtraction scheme. Having a fully flexible MC program with both options allow us to investigate the fraction of events with photon radiation in the production and in the decays and compare double-, single-and non-resonant contributions of the full off-shell result to the NWA.
The rest of the paper is organised as follows. In Section 2 details of the NWA implementation into the Helac-Nlo system are shortly outlined. In Section 3 the SM input parameters and the cuts on final states are listed. Stability of the full off-shell result with respect to the transverse momentum cut on the bottom jet is examined in Section 4. Numerical results for the integrated cross sections are presented in Section 5, while various differential cross sections are studied in Section 6. Finally, in Section 7 we give our conclusions.
The Narrow Width Approximation
The NWA offers a conceptually easy and powerful method for computing cross sections for processes comprising the unstable resonances with long life-time such as the top quark, see e.g. [33, 34] . It allows to make predictions for realistic final states described in terms of light and b-jets, charged leptons as well as missing transverse momentum, thus, allowing direct comparisons with cross section measurements in the fiducial phase space regions. Prominent examples include the calculations for the pp → tt(j) process at NLO QCD and theoretical predictions for tt at NNLO in QCD [35] [36] [37] [38] [39] . The NWA is well established and allows factorisation of the cross section into production times decays due to the following relation 1
where Γ t and m t are the width and mass of the top quark. All effects related to the offshellness of the top quarks as well as non-resonant contributions are systematically neglected in the computation of scattering amplitudes. The neglected contributions are suppressed by the Γ t /m t ratio for sufficiently inclusive observables, although they can be enhanced for various differential cross sections. In specific phase space regions, like in the high p T region of various dimensionful observables or in the vicinity of kinematical thresholds and edges, they contribute up to 20% − 50% [40, 41] . Although there is no doubt that the full off-shell calculations should be used if available, as they provide the most realistic description of the processes under consideration, they are computationally demanding and have practical limitations already at the NLO in perturbation theory. For example, obtaining NLO QCD predictions with full off-shell effects for the tttt production process is currently very difficult to imagine.
In the Γ t /m t → 0 limit, the differential cross-section for the top quark pair production in the di-lepton decay channel is given by
2)
where B stands for the respective branching fraction. The above equation is valid to all orders in the strong coupling constant. A graphical representation is given in Figure 1 where both top quarks and W bosons are treated in the NWA and the decay chain is structured into three levels; level 0 -the production process of tt, level 1 and finally 2 -the fully decayed di-lepton final state. The factorisation for ttγ can be written in the similar manner by inserting a photon in either of the three terms, giving rise to the following non-overlapping resonant structures, see e.g. Ref. [29] dσ NWA
Accordingly, ttγ production can be seen as described by two distinct kinematics. On one hand we have photon emission in the production part of the process and on the other hand off the top quark decay products. Although computational complexity is much lower than for the full off-shell calculation, the number of contributions that need to be calculated for ttγ production in NWA increases rapidly. The same applies to gluon radiation, which must naturally be taken into account when NLO QCD corrections are calculated. Thus, generally speaking the NWA approach is characterised by a proliferation of the contributions that need to be put together to account for all possible resonant structures of dσ NWA ttγ . Several key processes, that are relevant for top quark physics at the LHC, have already been computed in the NWA approach. We note, however, that a fully flexible MC generator capable of performing automated predictions in the NWA at NLO in QCD for tt plus additional object (X) is still missing. It should include NLO QCD corrections to ttX production and top quark decays, retain all tt spin correlations and allow for arbitrary cuts on the final states. Therefore, one of the purposes of the present work is to fill this gap by extending the Helac-Nlo framework to include the full NWA. On one hand, having the possibility to provide theoretical predictions for both approaches within the same tool will facilitate systematic comparisons. On the other hand, such automation will open a new path for performing higher order calculations for more complex processes such as ttbb, ttjj or tttt, for which only predictions with stable top quarks are available at NLO in QCD, see e.g. Refs. [21, [42] [43] [44] [45] [46] [47] [48] . For ttbb, there are also predictions with NLO + PS accuracy, where top quarks are decayed by PS programs [49] [50] [51] .
Implementing the NWA in HELAC-NLO
In the conventional implementation of the NWA, the amplitudes of the various production and decay subprocesses are computed separately and subsequently combined. In order to preserve the tt spin correlations between the production and decay stages a careful bookkeeping of all matrix elements corresponding to different polarisations of the resonant particles is necessary. We will refer to this strategy as the bottom-up approach. The combinatorial burden increases with the number of resonant particles and with the number of sequential decays.
In Helac-Nlo we consider, however, a different strategy for the implementation of the NWA, which we will refer to as the top-down approach. We construct the fully decayed final state using the standard Dyson-Schwinger recursive algorithms [52, 53] but restrict the computation to double resonant topologies only, discarding single-and non-resonant ones. Furthermore, we introduce addition modifications to the fermionic propagator. In case of the resonant propagator the change is given by
whereas for the non-resonant one we have instead
The numerator in Eq. (2.4) can be left unchanged since in the on-shell limit we can write
A similar modification can be introduced in the case of the W gauge boson propagator. The main advantage of the top-down approach is that it reduces the number of contributions to be calculated, and thus improves bookkeeping issues. The main challenge of this approach lies in developing an efficient algorithm for selecting double resonant topologies. We would like to note here, that both the bottom-up and the top-down approach are of course equivalent and should provide the same final answer. Different MC programs have, however, distinct internal structures. Given the level of complexity of such programs the approach that requires the minimal amount of structural changes in the code is the one to be incorporated. Because Helac-Nlo is designed to efficiently obtain one-loop helicity amplitudes and calculate total cross sections at NLO in QCD for multi-particle processes in the SM the top-down approach is more natural and conceptually easier to implement. Furthermore, it allows us to exploit highly optimised recursion algorithms that have already been employed to provide NLO QCD results for tt, ttj, ttγ and ttZ processes with the complete top quark off-shell effects included [30, [54] [55] [56] [57] [58] .
Virtual Corrections
From the point of view of the virtual corrections the implementation of the NWA into the Helac-Nlo framework does not introduce additional complications. Again the biggest challenge comprises the efficient selection of the topologies that correspond to factorisable one-loop contributions. Schematic representation of one-loop contributions to the ttγ production process in the NWA is shown in Figure 2 . For simplicity we first assume that only top quarks are treated in the NWA. Consequently, the following three contributions are only considered
where the parenthesis denotes the resonant structure. The one-loop amplitudes for each of the three processes listed above contain corrections to both production and decays. In the case where also the W gauge boson is treated in the NWA the list of the contributions to be considered increases and is given by The description outlined above is fully automated and can be used to tackle the calculation of more complicated processes for which the full NWA predictions have not yet been computed.
Real Corrections
The cancellation of soft and collinear radiation contributions in the NWA is performed using the Catani-Seymour dipole subtraction scheme [59] . Specifically, the formulation presented in Ref. [60] for massive quarks has been used with the extension to arbitrary helicity eigenstates of the external partons [32] , as implemented in Helac-Dipoles. In order to deal with gluon radiation in the production and decays of the on-shell top quarks some modifications have been made that will be outlined briefly below. For example, in order to deal with gluon radiation in the decay stage of the ttγ production process we have implemented a modified version of the specialised subtraction procedure introduced in Ref. [61] for single top quark production. At the production level, gluon radiation off the top quarks generates extra soft diver- gences that need to be cancelled. This is in contrast to the full calculation where intermediate top quark propagators are not affected by infrared divergences. Thus, we include the resonant top quarks into the list of emitters and compute the corresponding dipoles for the cases of final-state and initial-state spectators. The Catani-Seymour mapping is applied to the momentum entering the resonant propagator that we labelled as p t . The latter is reconstructed from its decay products, see Figure 3 for the graphical representation of the mapping. This mapping must then be carried out onto the decay products. Since the momenta of the decay products and the intermediate particle are subject to the mass-shell constraints, the new momenta can be obtained with a Lorentz transformation. This (ambiguous) Lorentz transformation is constructed as the product of two boosts, based on the observation that the momenta of the intermediate particle before and after the mapping are the same when expressed in their center-of-mass (CM) frames
≡Λp t indicate the Lorentz transformations that bring the corresponding momenta into their CM frames and a tilde represents the mapped top quark momentum. From Eq. (2.9) we obtaiñ
(2.10)
This Lorentz transformation is applied again into the momenta of the decay products to construct the mapped final states. Even though the mapping is not conceptually different from the standard Catani-Seymour implementation, the form of the new subtraction terms is not so trivial. Because the top quark propagator is already summed up over its polarisation states it seems that one cannot just use the polarised formulae from Ref. [32] . The divergence, however, has a pure soft nature, so it is independent of the top quark polarisations. Consequently, standard, non-polarised Catani-Seymour dipole can be used with an additional symmetry factor of 1/2 which compensates for the summation over the two polarisations of the gluon. In the following we shall shortly discuss the treatment of gluon radiation in top quark decays. The Catani-Seymour subtraction scheme can be extended straightforwardly to top quark decays. In Ref. [61] such extension, that preserves the momentum of the decaying particle and it is therefore applicable to the case of top quark decays, has been proposed. It has been later extended in Ref. [29] to the case of radiative decays. We employ the scheme of Ref. [61] to construct subtraction terms for the final-initial case where initial state here means the decaying top quark. The latter are available in the literature only in the unpolarised form. Thus, we have derived the extension of the subtraction term of Ref. [61] to the polarised case which, for massless b quarks, reads
(2.11)
Here λ b , λ g are the helicity eigenstates of the external b-quark and gluon respectively and λ, λ are the helicity eigenstates that enter the Born matrix element. The rest of the notation follows the original reference. We emphasise that the modifications to the subtraction terms described above do not affect the analytical structure of the integrated dipoles. We used the formulae that were already available in the literature without making any additional changes. We note here that all other cases have been addressed with the standard implementation of the Catani-Seymour subtraction scheme that has already been available in the Helac-Dipoles software.
Numerical Checks
In order to test our implementation of the NWA in the Helac-Nlo system we have performed a number of cross-checks. First of all, the implementation of the real corrections has been validated for the pp → ttγ process in the di-lepton channel by checking that the subtraction terms match the singular behaviour of the matrix elements for increasingly collinear and soft limits. We have explicitly checked the cancellation of the poles coming from loop contributions against those of the integrated subtraction terms for a few phase space points. Additionally, we have verified that our predictions for the real emission part do not depend on the particular value of the α max parameter. The parameter, which controls the size of the subtraction region, has been first proposed for the Catani-Seymour subtraction scheme in Ref. [62, 63] . Furthermore, we have performed extensive checks of the NWA version of the Helac-Nlo framework against other publicly available calculations. The only publicly available results for the ttγ production process in full NWA comprise the lepton plus jets top quark decay channel [29] . Thus, we cannot compare to them directly at the moment. Instead, we focused on the simpler process, i.e the tt production process with full leptonic decays of the top quarks. As a first step we have checked that our results for the fully inclusive NLO cross section agree with the NLO part of the calculation of Ref. [39] . On a more exclusive ground, we have reproduced the NLO differential cross section distributions that are presented in Ref. [40, 41] . Finally, we have cross-checked our results with NLO QCD corrections included separately for the production and the decay stages against the results obtained with the public MC program Mcfm [38] .
LHC Setup
We study pp → e + ν e µ −ν µ bbγ + X for the LHC Run II energy of √ s = 13 TeV at O(α 3 s α 5 ). Our calculation uses the following parton distribution functions (PDFs): CT14 (the default PDF set) [64] , NNPDF3.0 [65] and MMHT14 [66] . The number of active flavours is set to N F = 5, however, contributions induced by the bottom-quark parton density are neglected due to their numerical insignificance. We employ the following SM parameters
Since leptonic W gauge boson decays do not receive NLO QCD corrections, to account for some higher order effects the NLO QCD values for the gauge boson widths are used everywhere, i.e. for LO and NLO matrix elements. The electroweak coupling is derived from the Fermi constant G µ according to
For the emission of the isolated photon, however, α QED = 1/137 is used instead. The top quark mass is set to m t = 173.2 GeV. All other QCD partons including b quarks as well as leptons are treated as massless. The final state jets are constructed from the final state partons (j) with pseudo-rapidity |η(j)| < 5 via the IR-safe anti−k T jet algorithm [67] with R = 0.4. We require at least two jets for our process, of which exactly two must be bottom flavoured jets. We impose the following cuts on the transverse momenta and the rapidity of two recombined b-jets, which we assume to be always tagged
The last cut, i.e. the separation between the b-jets, is implied by the jet algorithm. Furthermore, we request two charged leptons, missing transverse momentum and an isolated hard photon. The latter is defined with p T (γ) > 25 GeV and |y(γ)| < 2.5. Following [68] , we impose the smooth photon isolation criterion. Specifically, we require γ = 1, n = 1 and ∆R(γj) = 0.4. Basic selection cuts are applied to charged leptons to ensure that they are observed inside the detector and well separated from each other
where = e + , µ − . Moreover, we impose that charged leptons are well separated from the isolated photon and from b-jets
We additionally place a requirement on the missing transverse momentum p miss T > 20 GeV. Finally, we impose no restrictions on the kinematics of the extra (light) jet other than it should be separated from the isolated photon. In this work we have utilised two different forms for the factorisation and renormalisation scales for the results in the NWA:
We show theoretical predictions for the NWA with the fixed scale choice mostly for comparison. We note here, however, that the fixed scale choice is still commonly used in various phenomenological studies. In the case of full off-shell results, on the other hand, only the dynamical scale choice, µ 0 = H T /4, is used since this is our recommended scale choice for the process under consideration, see Ref. [15, 30] . The total transverse momentum of the system, H T , is defined according to
are bottom-flavoured jets and p miss T is the missing transverse momentum from the two neutrinos. Even though we assume that the central scale µ R = µ F = µ 0 is the same for both the renormalisation and factorisation scales the scale systematics is evaluated by varying µ R and µ F independently. Specifically, we vary them in the following range
The top quark width, as calculated from [69] [70] [71] , is taken to be
The value of α s used for the top quark width Γ NLO t calculation is taken at α s (m t ). This α s is independent of α s (µ 0 ) that goes into the matrix element and PDF calculations. The latter is used to describe the dynamics of the whole process, while the former only the top quark decays. For more details we refer the reader to our previous publications [15, 30] .
Stability of the Full Off-shell Result
Before comparing various approaches for the top quark decay modelling for the pp → e + ν e µ −ν µ bbγ process, we first investigate the stability of the full off-shell results. Because they constitute the most realistic NLO computation for top quark pair production with an isolated photon in hadronic collision in the di-lepton top quark decay channel we would like to analyse them more precisely. In Table 1 we present LO and NLO QCD predictions for the integrated cross sections for three PDF sets and for different values of the cut on the transverse momentum of the b-jet. We vary the cut in the range of 25 − 40 GeV in steps of 5 GeV. The values of σ LO and σ NLO are evaluated using µ 0 = H T /4. Theoretical uncertainties coming from scale variation are denoted by δ scale and from PDFs as δ PDF . Finally, in the last column the K-factor, defined as 1.06 Table 1 . Integrated cross sections for the pp → e + ν e µ −ν µ bbγ + X production process at the LHC with √ s = 13 TeV. Results are evaluated using µ R = µ F = µ 0 = H T /4 for three different PDF sets and four different p T (b) cuts for the b-jets. Also given are theoretical uncertainties coming from scale variation, δ scale , and from PDFs, δ P DF . In the last column a K-factor, that is defined as
dependence is derived with the standard seven-point variation around the central value of the scale µ 0 and indicated by the upper and lower indices. They correspond to the minimum and maximum of the resulting cross sections. For the PDF uncertainties we use the corresponding prescription from each group to provide the 68% confidence level (C.L.) PDF uncertainties. Both CT14 PDFs and MMHT14 PDFs include a central set and error sets in the Hessian representation. In that case we use the asymmetric expression for PDF uncertainties. Additionally, the CT14 errors are rescaled by a factor 1/1.645 since they are provided at 90% C.L. On the other hand, for the NNPDF3.0 PDF sets PDF uncertainties are obtained using the replicas method.
We can observe that the scale uncertainty is reduced considerably through the inclusion of the NLO QCD corrections. PDF uncertainties are of the order of a few %. These findings do not take into account additional systematics coming from the underlying assumptions that enter the parametrisation of different PDF sets. They simply cannot be quantified within a given scheme. We therefore additionally present results for other PDF sets. All three are recommended to be used for applications at the LHC Run II [72] . We see that CT14, MMHT14 and NNPDF3.0 NLO results differ at most by 4%, which is comparable to the individual estimates of PDF systematics. Overall, the PDF uncertainties for the process under scrutiny are below the theoretical uncertainties due to the scale dependence, which remain the dominant source of the theoretical systematics.
The most important message here, however, is that the above findings for δ scale are rather insensitive to the chosen p T (b) cut value. We could uncover only variations at the percent level. In particular, there is no big difference for the lowest cut value of the p T (b) cut, 25 GeV, and the value we use as the default one in our analysis, i.e. 40 GeV. This suggests that the perturbative expansion is not spoiled by the appearance of large logarithms, thus, under excellent theoretical control. Finally, even though NLO QCD corrections for different PDF sets and for all values of the p T (b) cut are varying between positive or negative ones, they are all consistently below 10%.
Having established stability of the full off-shell results with respect to the p T (b) cut we move on to the main part of the paper and investigate differences between full off-shell results and the calculations in the NWA.
Phenomenological Results for Integrated Cross Sections
In the following we compare the full off-shell results with the calculations in the NWA. In the latter case two versions will be examined: the full NWA and the NWA LOdecay (NWA with LO decays of top quarks and photon radiation in the production stage only). Theoretical predictions for these three cases, that have been evaluated for the choice of the kinematic cuts and SM parameters as described in the previous Section, are listed in Table 2 . We additionally provide theoretical uncertainties from the scale dependence. Moreover, all results are evaluated with the CT14 PDF sets. We note here, that results for top quark pair production and also for tt process with an additional jet or the gauge boson in the full NWA are usually provided as a consistent expansion in α s . More explicitly, the NLO top quark decay width, that appears as Γ −2 t,NLO and is a part of the branching fractions for the corresponding t (t) decay, has usually been expanded in powers of α s . For the comparison at hand, however, such expansion has not been performed and Γ −2 t,NLO in the theoretical prediction in the NWA is valid to all orders in the strong coupling constant. The reason for not using this expansion for the results in the NWA should be clear, namely such a procedure can not be directly applied to the full off-shell calculations. Because the main purpose of the paper is a consistent comparison between the NWA and the full off-shell results such approach seems to be more appropriate. Nevertheless, we have checked that the difference between the expanded and unexpanded full NWA results is at the level of 1% independently of the scale choice.
We first assess the size of the non-factorisable corrections for our setup. Finite top quark width effects change the NLO cross section by less than 3% independent of the scale choice. This finding is consistent with the expected uncertainty of the NWA that is of the order of O(Γ t /m t ) ≈ 0.8%. At LO we have received 2% corrections for µ 0 = H T /4 and 10% for µ 0 = m t /2. We note, however, that should we compare the LO NWA result with µ 0 = m t /2 to the full off-shell one with the same scale choice we would also get only 2% Also given is the full off-shell result. We additionally provide theoretical uncertainties as obtained from the scale dependence. The CT14 PDF sets is employed.
corrections. We would like to add at this point, that in Ref. [30] the size of the top quark non-factorisable corrections has been estimated for the pp → e + ν e µ −ν µ bbγ process from the full off-shell result by rescaling the coupling of the top quark to the W boson and the b quark as well as the coupling of W and the leptons by several large factors, as described in Ref. [54] . This approach should mimic the Γ t → 0 limit when the scattering cross section factorises into on-shell production and decay. Indeed, using this method we reported 1.5% for LO and 2.5% for NLO with µ 0 set to m t /2. Our current findings confirm that rescaling works very accurately for the process at hand where rather inclusive cuts on the final states have been applied.
In Table 2 we additionally quote results for the LO and NLO QCD cross sections where photon radiation occurs either in the production (pp → ttγ) or in the decay stage (t → bW + γ → be + ν e γ, t → bW + → be + ν e γ,t →bW − γ →bµ −ν µ γ,t →bW − →bµ −ν µ γ) processes. In this way we can estimate the importance of the photon emission in top quark decays. Using results from Table 2 , we have calculated that at NLO more than 57% of photons are emitted either from the initial state light quarks or off-shell top quarks that afterwards go on-shell 1 . This means that 43% of all isolated photons are emitted in the decay stage, i.e. either from on-shell top quarks or its decay products (b-jets, W gauge bosons and/or charged leptons). This conclusion is independent of the scale choice. Similar estimates can be obtained at LO. Consequently, the radiative decay of the top quark must be incorporated into theoretical predictions for ttγ production at the LHC since it yields a significant contribution to the cross section. Once the p T (b) cut is lowered to 25 GeV, i.e. to the value that is currently used in measurements of inclusive and differential crosssections of ttγ production in the eµ channel at 13 TeV by the ATLAS collaboration [6] , the photon contribution in the decay stage increases up to almost 50%. This means that photon radiation is distributed evenly between the ttγ production process and the leptonic top quark decay stages. Table 2 also shows results for the special case of the NWA, i.e. for the NWA LOdecay . They comprise NLO QCD corrections to the production of ttγ and LO top quark decays. Furthermore, photon radiation is restricted only to the production stage . Such a prediction should mimic the computation of Ref. [23] where the NLO QCD corrections are computed for the ttγ production stage but include neither exact LO spin correlations nor radiative corrections to decays. On top of it, Ref. [23] omits photon emission in the parton shower evolution. Because the contribution from photon emission in top quark decays is large and NLO QCD corrections to decays are also relevant it is not surprising that NWA LOdecay result can not reproduce the correct normalisation. The discrepancy to the NWA approach amounts to 50% (58%) for µ 0 = m t /2 (µ 0 = H T /4). NLO QCD corrections to the top quark decays are negative and at the level of 17% (12%) when µ 0 = m t /2 (µ 0 = H T /4) is employed in the NWA.
Finally, in Table 2 theoretical uncertainties as obtained from the scale dependence are provided for all cases that we have considered up until now. When comparing the full offshell case with the full NWA one at NLO in QCD we observe that theoretical uncertainties are not underestimated when the NWA is employed. Instead, they are consistent at the level of 6% for µ 0 = H T /4 and 13% for µ 0 = m t /2, see Ref. [30] for the full off-shell results at NLO in QCD with the fixed scale choice.
Phenomenological Results for Differential Cross Sections

Off-shell vs On-shell Top Quark Modelling
In the following we examine the size of top quark off-shell effects at the differential level. To this end we compare differential cross sections for a few observables at NLO in QCD using three different theoretical descriptions: the NWA, the NWA LOdecay and results with the full off-shell effects. In the case of NWA, two scale choices, µ 0 = m t /2 and µ 0 = H T /4, are used, whereas for the full off-shell case only the latter is utilised. We show theoretical uncertainties as obtained from the scale dependence for the full off-shell case since we are only interested in effects that exceed the theoretical uncertainties. For all observables we employed the CT14 PDF set. The upper plots will show absolute NLO QCD predictions for three different theoretical descriptions. The ratios to the full off-shell result including its scale uncertainty band will be plotted in the middle and bottom plots.
In Figure 4 we start with the two observables that are very well known from the top quark mass measurement in the tt(j) production process, see e.g. Refs. [57, [73] [74] [75] .
by 79% and it is followed by the+qq channel with 21%. [76] . At lowest order in perturbative expansion when both top quarks and W gauge bosons are treated as on-shell particles there is a strict kinematical limit for M (be + ) given by M (be + ) =
GeV. Due to the matching ambiguity stemming from the presence of two b-jets the upper bound of 153 GeV does not necessarily need to be obeyed. Choosing, however, the smallest M (be + ) for each event will guarantee that M (be + ) min ≤ M (be + ) and that the kinematical endpoint of the distribution is preserved. For off-shell top quarks this kinematic limit is smeared, and furthermore, additional NLO QCD radiation and photon emission affect this region. Nevertheless there is a sharp fall of the cross section around 153 GeV. At NLO in QCD depending on the scale choice we can observe large and negative finite top quark width effects of the order of 40%−60%, which are way above the theoretical uncertainties in that region. At the same time we can see that the NWA LOdecay predictions are unable to correctly describe the observable in the whole plotted region. Not only the overall normalisation, but also the shape of the M (be + ) min distribution can not be predicted by this approach. In the same manner the peak of the M (t avg ) distribution is smeared by the off-shell top quark effects and additional gluon and photon radiations. We note here, that the top and anti-top quarks are reconstructed from their decay products assuming the exact W gauge boson reconstruction and perfect b andb tagging efficiency. The full NWA results are consistently outside of the theoretical uncertainty band and finite top quark width effects are ranging from almost +100% to −100%. For the NWA LOdecay case non-factorisable corrections are even larger reaching 150%. M (be + ) min and M (t avg ) belong to the first class of observables potentially susceptible to the modelling of the top quark decays, i.e. the observables with kinematical threshold and edges.
In Figure 5 we exhibit differential cross section distribution as a function of the (aver- Figure 6 . Differential cross section distribution as a function of the transverse momentum of the photon, p T (γ), the separation of the photon and the softest b-jet in the rapidity-azimuthal angle plane, ∆R(γb 2 ), and the total transverse momentum of the e + ν e µ −ν µ bbγ system, H T for the pp → e + ν e µ −ν µ bbγ process at the LHC run II with √ s = 13 TeV. The CT14 PDF set is employed.
aged) transverse momentum of the b-jet, p T (b avg ), and charged lepton, p T ( avg ). Also shown are the invariant mass of the two b-jets, M (bb), and the invariant mass of the two charged leptons, M ( ). For this class of observables the finite top quark width effects will appear in the high p T tails and for large values of the corresponding invariant mass differential distributions. Specifically, for the b-jet kinematics we have non-factorisable corrections of the order of 30% − 40% independently of the scale choice. Similar effects are observed for the charged leptons for µ 0 = m t /2. On the other hand, for the dynamical scale choice they are negligible and within the theoretical uncertainties. Once again the NWA LOdecay is not adequate to describe these observables. They fail already in the low p T regions. Finally, in Figure 6 we display differential cross section distribution as a function of the transverse momentum of the photon, p T (γ), the separation of the photon and the softest b-jet in the rapidity-azimuthal angle plane, ∆R(γb 2 ), and the total transverse momentum of the e + ν e µ −ν µ bbγ system, H T . These three observables are well known for being sensitive to physics beyond the SM, see e.g. Ref. [7, 11] . For the p T (γ) distribution the finite top quark width effects are small and within theoretical uncertainties. Thus, for this particular differential cross section the full NWA description would be sufficient. Likewise for the angular distribution ∆R(γb 2 ). Generally speaking, for all dimensionless observables, that we have studied, negligible non-factorisable corrections have been observed. Large top quark off-shell effects are estimated for the last observable H T . They are in the range of −50% to +50% for µ 0 = m t /2 and up to 25% for µ 0 = H T /4. This of course is not surprising since H T comprises both p T (b 1 ), p T (b 2 ) and p T ( 1 ), p T ( 2 ) among others. On the other hand, the NWA LOdecay can be disregard because it is consistently unable to describe correctly the shape of various observables.
We can summarise this part by concluding that among all observables that we have examined only dimensionful observables are sensitive to non-factorizable top quark corrections that imply a cross-talk between production and decays of top quarks. We could identify two categories. The first class comprises observables with kinematical thresholds or edges. Such observables should be carefully examined in the vicinity of these thresholds/edges. The second class consists of dimensionful observables in the high p T regions. On the contrary, dimensionless observables like angular distributions do not seem to be very sensitive to the top quark off-shell effects.
Double-, Single-and Non-resonant Phase-space Regions
To understand better why some observables are more sensitive to the top quark off-shell effects than the other we investigate the contribution of double-, single-and non-resonant regions to the integrated and differential cross sections for the full off-shell case. This should qualitatively show us the importance of particular contributions and their overall distribution for particular phase space regions. To identify these contributions we have generalised the method introduced in Ref. [33] and further discussed in e.g. [77, 78] . We first identify the following three different resonance histories
These three categories are not sufficient if NLO QCD calculations are considered. Therefore, in this case an additional resolved light jet (if present) has to be incorporated into the list.
In practice, to closely mimic what is done on the experimental side only the light jet that passes all the cuts, that we have also applied for the b-jets, is added to the resonance history. In this case a total of 9 different possibilities have to be considered. We compute for each history the following quantity where M (t) and M (t ) are invariant masses of the top and anti-top quark respectively, where their momenta are reconstructed from the decay products assuming exact W gauge boson reconstruction and perfect b andb-tagging efficiencies. Finally, we pick the history that minimises the Q value. Once the history is determined, the check whether t andt are off-shell or on-shell is performed. Specifically, we define the double-resonant (DR) region, when both t andt are on-shell, via the following condition
and
There are two single-resonant (SR) regions that are given by
and or
Finally, the non-resonant (NR) region is chosen according to
The boundary parameter, which determines the size of the resonant region for each reconstructed top quark, has been set to n = 15. This corresponds to the following condition for the DR region: M (t) ∈ (152.9, 193.5) GeV and M (t ) ∈ (152.9, 193.5) GeV. The exact value of the boundary parameter is of course arbitrary. In the literature more stringent conditions, like for example n = 10, n = 5, have also been applied, see e.g. [33, 77, 78] . Having used the above outlined procedure the contributions at the integrated cross section level for these three regions are given by σ NLO DR = 6.57 fb , σ NLO SR = 0.91 fb , σ NLO NR = 0.02 fb . (6.7)
The integrated fiducial cross section is dominated by the DR contributions. More than 88% of σ NLO full off−shell comes from the DR contribution. Thus, it is not surprising that the integrated cross section is not really sensitive to SR and NR contributions and therefore also to the top quark off-shell effects. The SR comprises only 12% of the full off-shell cross section at NLO in QCD whereas the contribution from the NR regions of the phase space is negligible, below 0.5% 2 . The situation, however, looks quite different at the differential level.
In Figure 7 we show the differential cross section distribution as a function of M (be + ) min , M (t avg ), p T (b avg ) and p T ( avg ). Also given are NLO results for the full off-shell and the full NWA cases. In the case of the M (be + ) min distribution we observe that in the region that is not sensitive to the finite top quark width effects, i.e. M (be + ) min < 153 GeV, the DR contribution is almost indistinguishable from the full off-shell and the full NWA result. However, once the vicinity of the kinematical cut-off is reached, these particular contributions begin to spread out. For M (be + ) min ≥ 153 GeV the SR part rapidly starts to dominate the full off-shell result and even the input from the NR regions of the phase space is larger than from the DR one. A similar effect can be observed for p T (b avg ). Even though in the high p T tail of the differential cross section distribution the SR part does not dominate the full off-shell result, its contribution increases to almost 50%. On the other hand, the DR part contribution is greatly reduced, from around 85% down to about 50%. For p T (γ) and p T ( avg ), which are evaluated with µ 0 = H T /4, in the whole plotted range the contribution from the SR part of the cross section is rather constant, of the order of 10% for p T (γ) and below 25% for p T ( avg ). Thus, it is consistently smaller than the DR one. This is obviously reflected in the small sensitivity of dσ NLO full off−shell /dX, X = p T (γ), p T ( avg ) to non-factorisable top quark corrections. We note at this point that all differential cross section distributions that are dimensionless in nature, which we have examined, received large (90%) and constant contributions from the DR regions of the phase space in the whole kinematical range. At the same time the SR contribution was rather small (10%), whereas the NR regions of the phase space were negligible. To illustrate these findings we present in Figure 8 two examples, namely ∆R(γb 2 ) and y( avg ). Consequently, dimensionless observables are rather insensitive to the finite top quark width effects.
We can conclude this part by stressing that observables that are sensitive to top quark off-shell effects have substantial contributions from the single top quark process. In these cases the best description is provided by the full off-shell calculation since it is free of ambiguities related to disentangling single and double resonant contributions.
Photon Radiation in the Production and Decays
Finally, we would like to investigate the composition of photon emissions in the ttγ process, whether they come from production or decay stage. Having the full NWA implemented at the NLO in QCD level in the Helac-Nlo software such study can be straightforwardly performed. First, we discuss dimensionful observables like the transverse momentum of the hardest (in p T ) charged lepton, p T ( 1 ), and b-jet, p T (b 1 ), the total transverse momentum of the e + ν e µ −ν µ bbγ system, H T , and the transverse momentum of the hard photon, p T (γ). They are all exhibited in Figure 9 . We notice that in all four cases for the low values of the transverse momentum the differential distributions are dominated by photon emission in the decay stage. Specifically, in these regions more than 50% of photons come from top quark decays. For the H T observable this contribution reaches even 75%. However, once the high p T region of these observables are probed, photon emission from the production part of the ttγ process dominates completely the full results. Thus, for all four observables setting high p T cut would eliminate or at least substantially diminish the contribution from the hard photon in top quark decays.
In Figure 10 we show differential cross section distribution as a function of M (b + ) min and M (t avg ). Even though these two also belong to dimensionful observables photon radiation is distributed almost evenly between the production and decay part of the ttγ process. Figure 9 . The pp → e + ν e µ −ν µ bbγ differential cross section distribution as a function of the transverse momentum of the hardest charged lepton, p T ( 1 ), and b-jet, p T (b 1 ), the total transverse momentum of the e + ν e µ −ν µ bbγ system, H T , and the transverse momentum of the isolated photon, p T (γ), at the LHC run II with √ s = 13 TeV. The upper plots show absolute NLO QCD predictions in the full NWA together with fraction of events originating from photon radiation in the production, NWA γ prod , and in decays, NWA γ decay . The ratios of these contributions to the full NWA result are also shown. Results are given for µ 0 = H T /4 and the CT14 PDF sets are employed.
In the case of M (b + ) min the contribution from the NWA γ decay part is at least 25% and can go up to about 60%. Instead, for M (t avg ), rather constant 65% and 35% contributions can be seen respectively for the NWA γ prod and NWA γ decay case. Therefore, for both observable there is no straightforward way to decrease the contribution from the latter. At last, in Figure 11 dimensionless observables are displayed. In particular, we provide differential cross section distribution as a function of the rapidity-azimuthal angle separation between: the photon and the softer b-jet, ∆R(γb 2 ), the photon and the hardest charged lepton, ∆R(γ 1 ), and the photon and the softest charged lepton, ∆R(γ 2 ). Also shown is the rapidity of the hardest charged lepton, y( 1 ). For all three rapidity-azimuthal angle separations up to about ∆R 1 photon radiation in top quark decays dominates the show absolute NLO QCD predictions in the full NWA together with fraction of events originating from photon radiation in the production, NWA γ prod , and in decays, NWA γ decay . The ratios of these contributions to the full NWA result are also shown. Results are given for µ 0 = H T /4 and the CT14 PDF sets are employed.
corresponding differential cross section in that region of the phase-space. For ∆R(γ 1 ) and ∆R(γ 2 ) for example more than 80% of all emitted photons originate in t → be + ν e γ andt → bµ −ν µ γ processes. For ∆R 1 the NWA γ prod contribution surpasses the NWA γ decay one, although the latter stays at the substantial level. Specifically, we can observe contributions of the order of 20%−40%. Finally, as far as y( 1 ) is concerned rather constant contributions from both parts are visible for y( 1 ) ∈ −2.5, 2.5 , i.e. about 40% for the NWA γ decay case and around 60% for NWA γ prod .
Conclusions
In this paper we have presented a comparative study of various approaches for modelling of the e + ν e µ −ν µ bbγ final state in ttγ production at the LHC. We compared the fully realistic description as given by a complete calculation with the one provided by the NWA. In the latter case two versions have been examined: the full NWA and the NWA LOdecay (i.e. NWA with LO decays of top quarks and photon radiation in the production stage only). When comparing full off-shell and full NWA results we confirmed that for the integrated cross sections the finite top quark width effects are small, of the order of O(Γ t /m t ). We have shown, however, that they are strongly enhanced for more exclusive (dimensionful) observables even up to 60%. On the contrary, dimensionless observables like angular differential cross section distributions appear to be relatively insensitive to the top quark off-shell effects. Furthermore, we have revealed that the NWA LOdecay approach is simply not adequate in describing the e + ν e µ −ν µ bbγ process neither at the integrated level nor at the differential one. Not only the NLO QCD corrections to top quark decays have to be incorporated but also hard photon emission from the top quark decays must be included. Figure 11 . The pp → e + ν e µ −ν µ bbγ differential cross section distribution as a function of the rapidity-azimuthal angle separation between: the photon and the softer b-jet, ∆R(γb 2 ), the photon and the hardest charged lepton, ∆R(γ 1 ), as well as the photon and the softest charged lepton, ∆R(γ 2 ) at the LHC run II with √ s = 13 TeV. Also shown is the differential cross section distribution as a function of the rapidity of the hardest charged lepton, y( 1 ), The upper plots show absolute NLO QCD predictions in the full NWA together with fraction of events originating from photon radiation in the production, NWA γ prod , and in decays, NWA γ decay . The ratios of these contributions to the full NWA result are also shown. Results are given for µ 0 = H T /4 and the CT14 PDF sets are employed.
To better understand the sensitivity of kinematic observables to the non-factorisable top quark corrections, we have devised the procedure to divide the full fiducial phase space of the e + ν e µ −ν µ bbγ process into double-, single-and non-resonant parts. We concluded that observables that are sensitive to top quark off-shell effects have substantial contribution from the single top quark process. In these cases the best description is provided by the full off-shell calculation since it is free of ambiguities related to disentangling single and double resonant contributions.
In addition, we investigate fractions of events where the photon is radiated either in the production or in the decay stage. We find that large fraction of isolated photons comes from the decays of top quarks. Based on our findings, selection criteria might be developed to reduce such contributions that constitute a background for the measurement of the anomalous couplings in the ttγ vertex. For example, for the transverse momentum of the hardest lepton, b-jet and the hard photon as well as the total transverse momentum of the e + ν e µ −ν µ bbγ system such kinematical cuts could be introduced. However, many other observables have rather constant and substantial contribution from the hard photon in the top quark decays. Thus, a simple procedure to decrease such contributions would not be possible for them. Here, the most important examples are the minimum invariant mass of the b-jet and the positron as well as the (averaged) invariant mass of the top quark.
Last but not least, on the technical side we have implemented the full NWA approach into the Helac-Nlo Monte Carlo program. This has helped us to provide theoretical predictions for the full NWA and the NWA LOdecay cases for the ttγ production at the LHC. Such automation opens a new path for performing higher order calculations for more complex processes at the LHC such as ttbb, ttjj and tttt where the top-quark decays are realistically simulated through the NWA approach.
